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Abstract----Conditional density estimation is an useful 

alternative to regression to learn an input-output 

relationship under multi-modality, asymmetry, and 

heteroscedasticity. The supervised learning method called 

least-squares conditional density estimation (LSCDE) is 

the state-of-the-art method that directly estimates the 

conditional density using a linear model. In this paper, 

we extend the supervised LSCDE method to a semi-

supervised scenario so that unlabelled data can be 

utilized, and numerically illustrates its usefulness. 
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I.   Introduction 
Machine learning is broadly concerned with designing 

computer algorithms that learn from experience or 

automatically discover useful patterns from data. 

Traditionally, there have been two types of tasks in 

machine learning, namely unsupervised learning and 

supervised learning [i]. Semi-supervised learning is a 

special branch of machine learning that tries to combine 

these two fundamental tasks. In addition to unlabelled 

data, the algorithm is provided with some supervision 

information but not necessarily for all examples. In this 

case, the data set 
'

1}{ nn

ii



 xX can be divided into two 

parts: the points ),...,( 1 nl xxX  , for which labels 

),...,( 1 nl yyY  are provided, and the points 

),...,( '1 nnnu  xxX , the labels of which are not known. 

This is the standard setting for semi-supervised learning.  

 

The goal of regression analysis is to estimate the 

conditional mean of output y given input x [ii]. 

Regression is suitable for analysing an input-output 

relation if the conditional density of the relation 

)|( xyp is unimodal, symmetric, and homoscedastic. 

However, under multimodality, asymmetry, and 

heteroscedasticity, regression analysis is not informative 

enough, and it is preferable to estimate the conditional 

distribution itself. 

 

There are already many existing methods for estimating 

conditional densities. Conditional density estimation was 

introduced by Rosenblatt [iii]. A bias correction was 

proposed by Hyndman, Bashtannyk and Grunwald [iv]. 

Fan, Yao and Tong [v] proposed a direct estimator based 

on local polynomial estimation. Bandwidth selection rules 

have been proposed by Bashtannyk and Hyndman [vi], Fan 

and Yim [vii], and Hall, Racine and Li [viii]. The 

conditional distribution estimation problem is examined in 

Hall, Wolff and Yao [ix]. Other papers have used 

conditional density estimates as an input to other  

 

Table I: Existing methods for conditional density 

estimation 
Name Disadvantage 

ϵ-neighbour kernel density 

estimation (ϵ-KDE) 

It does not perform well in high 

dimensional problems. 

Mixture density network 
(MDN)[xiv] 

Its training is time-consuming and 
only a local solution may be obtained 

due to the non-convexity of neural 
network learning. 

Kernel quantile 

regression(KQR)[xv][xvi] 

The range of applications is limited to 

only one dimensional output y . Also, 

additional errors may occur while 

converting conditional cumulative 
distributions into conditional densities. 

Ratio of kernel density 

estimators (RKDE) 

Taking the ratio of two estimated 

quantities increases the estimation 
error. 

Least-squares conditional 

density estimation 
(LSCDE)[xvii] 

Unlabelled samples cannot be utilized. 

problems, including Robinson [x], Tjostheim [xi], Polonik 

and Yao [xii], and Hyndman and Yao [xiii]. 

 

Representative methods for estimating conditional 

densities are summarized in Table I, showing that LSCDE 

is the state-of-the-art method under the supervised learning 

setup. On the other hand, in many real-world situations, in 

addition to labelled samples, many unlabelled samples are 

also available for which only the input values are known 

without any information about the associated output 

values. In this work, we extend LSCDE to the semi-

supervised learning setting so that such unlabelled samples 

can be utilized, and show its usefulness experimentally. 

 

II. Proposed Method 
In this section, we first review the existing LSCDE method 

and then explain its extension to semi-supervised settings. 

 

A. Least-Squares Conditional Density Estimation 

1) Direct Density Ratio Estimation: Let, )( Xd

X RD  and 

)( Yd

Y RD  be input and output data domains, where 

Xd and Yd  are dimensionality of the input and output data 

domains. Now, considering a joint probability distribution 

on Yx DD  with probability density function 

),( yxp , ),( yxp  independent and identically distributed 
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(i.i.d.) paired samples of input x and output y are assumed 

to be given as follows: 
n

iYXiiii DD 1}),(|{  yxzz . 

 

The goal is to estimate the conditional density 

)|( xyp from the given samples 
n

ii 1}{ z . )|( xyp can 

be expressed as the ratio of two densities: 

),(:
)(

),(
)|( yx

x

yx
xy r

p

p
p  , 

where it is assumed that  the marginal density 

0)( xp for all XDx . 

 

Generally, estimating the two densities separately and 

taking the ratio can result in large estimation error. To 

avoid this problem, the density ratio function ),( yxr is 

estimated directly without going through estimating the 

two densities ),( yxp and )(xp separately. 

 

2) Linear Density-Ratio Model: The density ratio function 

),( yxr is modelled by the following linear model: 

),(:),(ˆ yxαyx 
Tr  . 

Here, 
T

b ),...,,( 21 α are parameters to be learnt 

from samples and 
T

b )),(),...,,(),,((),( 21 yxyxyxyx    are basis 

functions such that b0yx ),( for all 

YX DD ),( yx where b is the number of basis 

functions and b0 denotes the b -dimensional vector with 

all zeros. 

 

3) Least-Squares Approach: In LSCDE, the parameter α is 

determined so that the following squared error 0J is 

minimized: 

  yxxyxyxα ddprrJ )()),(),(ˆ(
2

1
:)( 2

0  . 

This can be expressed as 

,),(),(   

)()),((
2

1

)(),(),(ˆ   

)(),(ˆ
2

1
:)(

2

2

0

















Cddp

ddp

Cddprr

ddprJ

T

T

yxyxyxα

yxxyxα

yxxyxyx

yxxyxα









 

where 

 yxyxyx ddprC ),(),(
2

1
:  

is a constant and therefore can be safely ignored. We 

denote the first two terms by J : 

αhHαααα
TTCJJ 

2

1
)(:)( 0 ,                   (1) 

where 

 xxxH dp )()(: , 

 yxyxyxh ddp ),(),(:  , 

 yyxyxxΦ dT),(),(:)(  .                       (2) 

 

As H and h included in )(αJ contain the expectations 

over unknown densities )(xp and ),( yxp , they are 

approximated by sample averages as follows: 

αhαHαα
TTJ ˆˆ

2

1
:)(ˆ  , 

where  





n

i

i
n 1

)(
1

:ˆ xΦH ,                                                 (3) 





n

i

ii
n 1

),(
1

:ˆ yxh  . 

 

Now, the optimization criterion is summarized as 













αααα
T

R

J
b 2

)(ˆminarg:~ 



. 

Here, the parameter 0 is included as a regularization 

parameter for stabilization purposes. Taking the derivative 

of the objective function and equating it to zero, the 

solution α~ can be obtained by solving the following 

system of linear equations: 

hαIH ˆ)ˆ(  b . 

Here, bI  denotes the b -dimensional identity matrix. The 

solution α~ is given analytically as 

hIHα ˆ)ˆ(~ 1 b . 

Since the density ratio function is non-negative by 

definition, the solution α~  is modified as  

)~,max(ˆ α0α b . 

We renormalize the solution in the test phase to assure that 

the obtained density-ratio function is a conditional density. 

More specifically, for test input point x~ , the final solution 

is given as 




')',~(ˆ

),~(ˆ
)~|(ˆ

yyxα

yxα
xxy

d
p

T

T




.                             (4) 

 

B. Semi-Supervised LSCDE 

In many real-world problems, in addition to labelled 

samples 
n

iii 1)},{( yx , unlabelled samples 

'

1}{ nn

nii



x which are drawn independently from the 

marginal density )(xp are also available. In this section,  
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we extend LSCDE to utilize such unlabelled samples to 

further improve the estimation accuracy. 

 

From Equation (3), the matrix H can be approximated in 

the semi-supervised setup as follows: 










'

1

)(
'

1
:ˆ

nn

i

i
nn

xH . 

Inclusion of unlabelled samples may decrease the 

estimation variance, while increasing the estimation bias. 

Due to this bias increase, there is a possibility that the use 

of unlabelled samples degrades the overall performance. 

To avoid this problem, we introduce a parameter 

10   , which controls the weight of the unlabelled 

samples to be used in the estimation of H . The modified 

equation is given as follows: 

ul HHH  ˆˆ)1(ˆ  , 

where 





n

i

il
n 1

)(
1

:ˆ xΦH , 







'

1

)(
'

1
:ˆ

nn

ni

iu
n

xΦH . 

 

III. Experiments 
In this section, we experimentally compare the 

performance of the supervised and semi-supervised 

LSCDE methods. The accuracy of )|(ˆ xyp is measured 

by the negative log-likelihood for n~ test samples 
n

iiiii

~

1)}~,~(~|~{  yxzz : 





n

i

iip
n

NLL

~

1

)~|~(ˆlog~
1

: xy . 

 

A. Illustration  

Experiments were performed on one-dimensional toy data 

sets, that is, 1 YX dd . Inputs 
n

iix 1}{  were 

independently drawn from the uniform distribution on 

)1,1( . Outputs 
n

iiy 1}{  were generated by a 

heteroscedastic noise model as follows: 

iiii xxcy  )1exp(
8

1
)2(sin  , 

where i is the noise for the i th sample. 10000 test 

samples were used to evaluate the test performance. 

 

Figure 1 shows data samples with Gaussian noise: 

)1,0(~
..

N
dii

i , 

where ),( 2N  denotes the Gaussian distribution with 

mean   and variance 
2 . Figure 2 shows NLL of semi-

supervised LSCDE in comparison with supervised  

 

LSCDE. It is observed that introducing unlabelled samples 

tends to decrease NLL when the number of labelled 

samples is small.  

 

Figure 3 shows data samples with the following skewed 

noise: 











9

1
,

3

2

4

1
)1,0(

4

3
~
..

NN
dii

i , 

Figure 4 shows NLL of semi-supervised LSCDE in 

comparison with supervised LSCDE. It is observed again 

that the use of unlabelled samples tends to decrease NLL.  

 
Figure 1: Heteroscedastic Gaussian noise data 

 

 

 
Figure 2: NLL of semi-supervised LSCDE for 

heteroscedastic Gaussian noise data as functions of the 

number of unlabelled samples. Dotted lines denote NLL of 

supervised LSCDE (i.e., semi-supervised LSCDE with no 

unlabelled samples).  

 

 

 
Figure 3: Heteroscedastic skewed noise data. 
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Figure 4: NLL of semi-supervised LSCDE for 

heteroscedastic skewed noise data as functions of the 

number of unlabelled samples. Dotted lines denote NLL of 

supervised LSCDE (i.e., semi-supervised LSCDE with no 

unlabelled samples). 

 

 

B. Robot Data 

The ball-batting robot data [xviii] was used for 

experiments. Figure 5 illustrates a ball-batting robot which 

consists of two links and two joints. Input variables are 

angles of Joint 1 and 2, angular Velocities of Joint 1 and 2, 

and torques applied to Joint 1 and 2, and the output 

variable is the carry of the ball. 1000 test samples were 

used to evaluate the test performance.  

 
Figure 5: A ball-batting robot. 

 

 

The mean NLL over 100 runs for the supervised and semi-

supervised LSCDE methods are shown in Figure 6. Table 

II presents the mean and standard deviation of NLL over 

100 runs. The boldfaced results were shown to be 

significantly better based on the Wilcoxon signed rank test 

[xix] at the 5% significance level. This shows that the 

proposed semi-supervised LSCDE method tends to 

outperform the existing supervised LSCDE method.  

 
Figure 6: NLL of semi-supervised LSCDE for ball-batting 

robot data as functions of the number of unlabelled 

samples. Dotted lines denote NLL of supervised LSCDE 

(i.e., semi-supervised LSCDE with no unlabelled samples).  

 

Table II: Mean and standard deviation of NLL for ball-

batting robot data over 100 runs. 

 50n  100n  200n  500n  

0'n  3.385±3.097 2.267±1.664 2.303±1.212 2.198±0.967 

100'n  3.486±3.033 2.358±2.038 2.246±1.144 2.150±0.882 

200'n  3.222±3.033 2.188±1.917 2.090±0.905 2.070±0.784 

500'n  3.275±2.760 2.212±1.710 2.122±0.892 2.081±0.770 

1000'n  3.255±2.729 2.196±1.694 2.104±0.858 2.063±0.750 

  

 

IV. Conclusion 
In this paper, the supervised least-squares conditional 

density estimation method was extended to a semi-

supervised setting. Experiments showed that utilization of 

unlabelled samples tends to improve the accuracy of 

LSCDE when the number of labelled samples is small. 
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