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Abstract: Most of the approaches to solve the unmixing problem 

are based on the Linear Mixing Model (LMM) which is 

questionable. Therefore, nonlinear spectral model is generally 

used to study the effects of multiple scattering in the complex 

surfaces. In this paper, we have demonstrated the application of 

Radiative Transform Equation (RTE) based Hapke multi 

scattering model. The Hapke model based non-linear spectral 

unmixing is carried out on a Moon Mineralogy Mapper (M
3
) 

data. The values of six non-linear Hapke's model parameters 

are estimated using a MATLAB based algorithm after 

optimizing the Hapke corrected M3-Endmembers and modeled 

spectra through minimum Root Mean Square Error (RMSE). 

After addressing the non-linear components in the image 

derived M3-Endmembers, the automated library candidate 

selection scheme is followed to estimate the corrected 

mineralogy over lunar surface. 

Keywords— Moon Mineralogy Mapper (M
3
), Radiative 

transfer, Hapke model, Non-linearity, Spectral unmixing, 

Lunar Mineralogy 

1. INTRODUCTION 

During the last two decades, bidirectional reflectance 

spectroscopy has been extensively used for remote sensing 

applications in planetary explorations [1]. For practical 

applications, Hapke (1981) developed an analytical solution of 

radiative transfer equation (RTE) using parameters such as the 

scale of surface topography, scattering, opposition effects and 

microscopic roughness [2]. Over the Lunar surface, the rock and 

soil are mostly intimate mixtures of constituent minerals [3]. A 

non-linear mixing model can be written as in eqn. (1), 

i i i i ir f ({m } ,{x } , , ; )                 (1) 

where, mi is the i-th intimately mixed endmember spectra with an 

abundance value xi. ρ is the media parameter and η is the 

associated spectral noise of n wavelength (λ) channels. 

In paper [3], the potential of Moon Mineralogy Mapper (M
3
) data 

for studying compositional variation in the near-, far- side 

transition zone of the Lunar surface is enumerated. In this study, a 

non-linear spectral unmixing approach combined with Automated 

Spectral Mapping and Sub-pixel Classification (ASMPC) is 

applied on M
3
 data which is aimed at correcting raw Lunar image 

spectra using Hapke’s model parameters. This approach identifies 

the corrected mineralogical compositions and quantifies the 

proportions of each endmember using Hapke model [2]. For this 

purpose, Hapke’s parameters of Lunar terrain derived by 

Helfenstein and Veverka (1987) are used [4]. Once the non-

linearity components are corrected, Pearson Correlation 

Coefficient (PCC) is used to match each extracted M3-

Endmember spectra with NASA Reflectance Experiment 

Laboratory (RELAB) spectral library of minerals [5]. The 

accuracy of the newly identified minerals is quantified based on 

the Root-Mean-Square Error (RMSE) and Spectral Angle Mapper 

(SAM) score, and that of corresponding abundances based on 

Mean Absolute Percentage Error (MAPE) and Abundance Angle 

Distance (AAD) measures.  

2. METHODOLOGY 

A detailed flow chart for correcting M3-endmember and spectral 

unmixing using RELAB mineral library is illustrated in Fig. 1. 

2.1 Moon Mineralogical Mapper (M
3
) Endmembers 

Extraction  

The radiance values of the M
3 

data are corrected for illumination 

and emission related effects and converted to apparent reflectance 

[3]. For endmember spectra extraction, ENVI
®
 based Pixel Purity 

Index (PPI) is used. In all, eight endmembers (EMs) are identified 

and used in further analysis and spectral mapping.  

2.2 RELAB Spectral Characteristics  

RELAB database includes Lunar, Earth and meteoroids mineral 

spectra. The RELAB combines the reflectance spectroscopy, 

mineralogy and petrography of archived samples. In this database, 

the chemical compositions of major minerals, reflectance 

spectroscopy results and analyzed fractional abundances are 

provided along with common rocks and mineral reflectance data 

[5]. 

 

2.3 Initialization of Hapke Parameters for Lunar Terrain  

 

The RTE based Hapke’s theoretical functions involve six 

parameters (wλ, h, Bo, θ, b, c) which address the associated 

spectral non-linearity for Lunar terrains. The Hapke parameter 

values for disk-integrated Lunar terrain are wλ=0.21, Bo=1.00, 

h=0.07, b=0.29, c=0.39, θ=20.0, and S(θ)~0.98 respectively [4]. 

The developed algorithm calculates the accurate mineralogy of 

M3-Endmember (Rm) by minimizing the difference between 

Hapke corrected (Rc) and minerals modeled (Rmix) reflectance 

spectra. 
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Fig. 1: Flow chart depicting the adopted methodology for non-linear unmixing of M
3
-Endmembers. 

 
 
3. EVALUATION OF LUNAR SPECTRAL UNMIXING 

 

3.1 M3-Endmember (Rm) Corrections using Hapke Model  

 

In this study, isotropic single and multiple scattering are assumed. 

The absolute value of calculated bidirectional reflectance (Rc) can 

be written in the complex form as in eqn. (2), 

     

   

o
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  (2) 

Here, μo, μ are cosines of incidence (i) and emergence (e) angle; g 

is the phase angle; B(g) is the opposition effect function, P(g) is 

the phase function, H(μ) is the multiple scattering function, and 

S(θ) is the function of macroscopic roughness [2]. The isotropic 

multiple scattering function, H(μ) includes the angle of incidence, 

emergence and the single scattering albedo (wλ). 

 

3.2 Corrected Mineralogy and Abundance Estimation  

After obtaining the final set of target M3-Endmembers (Rm) and 

it’s corresponding Hapke corrected M3-Endmembers (Rc), 

appropriate minerals for each spectra from the RELAB mineral 

database are extracted using the LMM scheme developed by 

Singh et al., (2012) [6,7]. 

3.3 Accuracy Assessment Criterion 

The match between target spectra (Ri) and the generated modeled 

spectra (Rmix) are evaluated by estimating the RMSE and SAM 

score using eqns. (3),  
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     (3) 

The extent of similarity between newly estimated (with Hapke 

correction) mineral abundances and original M3-Endmember 

(uncorrected) mineral abundances is measured using the 

abundance angle distance (AAD) parameter. Another parameter 

calculates the Mean Absolute Percentage Error (MAPE) between 

mineral abundance vectors of M3-Endmember and Hapke 

corrected M3-Endmember. 
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   Fig. 2: Plots showing (a.) M3-Endmembers (blue) and corresponding Hapke corrected M3-Endmembers (red), (b.) M3-

Endmembers (blue) and modeled spectra (red), (c.) Hapke corrected M3-Endmembers (blue) and minerals' modeled spectra (red). 

 

      

   Table 1: Comparison of estimated mineral abundances. 

 
 

 

Spectral Type 
 

Mineral Abundances (%) 
 

RMSE 
SAM 

Score 

AAD 

(deg.) 
 
 
 

Endmember 

 
M3-Endmember 

Anorthite (10.44), Augite (37.69), Pigeonite 

(36.06), Hypersthene (12.26), Andesine 

(3.55) 

 
0.015 

 
0.97 

 
 
 

21.79 
 

Hapke  Corrected 

M3-Endmember 

Anorthite (26.10), Augite (25.01), Pigeonite 

(34.68), Hypersthene (12.90), Andesine 

(1.30) 

 
0.010 

 
0.98 

 

4. RESULTS AND DISCUSSIONS 

The spectral plots of M3-Endmembers, Hapke corrected M3-

Endmembers and modeled spectra obtained using spectral 

unmixing is compared in Fig. 2. After the corrections, the 

intensity of the M3-Endmembers is significantly modified. The 

M3-Endmembers and its Hapke corrected spectra are unmixed to 

compare the accuracy of mineralogical abundances. A 

comparative study of mineralogical abundances (compositions) 

between M3-Endmember and its Hapke corrected M3-

Endmember is given in Table 1 for one endmember. 

 

It is evident that Hapke corrected spectral unmixing results are 

more accurate than uncorrected M3-Endmember in terms of 

RMSE and SAM score. The AAD and MAPE indicate the angular 

distance and percentage deviation between the two sets of 

abundance values. The estimated AAD between pre and post 

corrected M3-Endmembers varies from 21.79
o
 (EM05) to 5.37

o
 

(EM02). These AAD values are significantly incorporated in the 

abundances of Hapke corrected M3-Endmembers. Results in 

terms of MAPE represent the net absolute inaccuracy in the 

mineral abundances of raw M3-Endmember spectra due to 

spectral non-linearity. Hence, new mineral abundances estimated 

using Hapke parameters corrected M3-Endmember can be 

considered to be more realistic. To statistically evaluate the 

relationship between these two set of abundance values, a scatter 

plot (Fig. 3) is made. The linear relationship (R
2 

=0.856) between 

these two abundances show a good degree of correlation.  

 

 

 
Fig. 3: Scatter plots indicating the relationship of mineralogical 

abundances. 

 

The deviations in concentrations between these techniques are 

mainly attributed to non-linear effect resulting from grain size, 

shape and orientation-related effects of granular surface [8, 9]. 

The abundances of minerals such as Anorthite, Augite, Pigeonite, 

Hypersthene, Andesine, Chromite and Ilmenite estimated using 

corrected spectra can be considered reasonably accurate. The rock 

type is governed by relative abundance of the minerals present. 
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Hence, this understanding will help to interpret lithology (rock 

type nomenclature) better as the variation in minerals abundances 

change the rock type. 

5. CONCLUSIONS 

1. Intensity/ shape of spectra are influenced by texture, pattern, 

source-sensor geometry and terrain slope. 

2. Corrections for Hapke parameters moderate the reflectance 

spectra and such correction is necessary to address the non-

linear effects.  

3. Mineral abundances estimated after correction indicates some 

changes in the identified mineralogy and their abundances. 

This effect could adversely affect the overall mineral 

abundance estimation and understanding on the lunar 

lithology. 

4. The methodology adopted in this study can be easily 

extended to other sensor systems. 
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